A vertex coloring of a graph G is a multiset coloring if the multisets of colors of the neighbors of every two adjacent vertices are different. The minimum k for which G has a multiset k-coloring is the multiset chromatic number χ m (G) of G. For every graph G, χ m (G) is bounded above by its chromatic number χ(G). The multiset chromatic numbers of regular graphs are investigated. It is shown that for every pair k, r of integers with 2 ≤ k ≤ r − 1, there exists an r-regular graph with multiset chromatic number k. It is also shown that for every positive integer N , there is an r-regular graph G such that
Introduction
A primary goal of vertex colorings of a graph G is distinguishing the two vertices in each pair of adjacent vertices of G using as few colors as possible. This can be accomplished by proper colorings, of course, where adjacent vertices are required to be assigned distinct colors. A variety of methods in graph theory have been introduced to distinguish all of the vertices of a graph or to distinguish every two adjacent vertices in a graph. A coloring c of the vertices of a graph G (where adjacent vertices may be assigned the same color) is called neighbor-distinguishing if every two adjacent vertices of G are distinguished from each other in some manner by the coloring c. In a proper vertex coloring of a graph G, every two adjacent vertices of G are assigned distinct colors and so such a coloring is neighbor-distinguishing. The minimum number of colors required of a proper coloring of G is the well-known chromatic number χ(G).
As described in [7] , edge colorings of graphs, whether proper or not, have been introduced that use the multisets of colors of the incident edges of each vertex in a graph G for the purpose of distinguishing all vertices of G or of distinguishing every two adjacent vertices of G. The papers by Burris [4] and Chartrand, Escuadro, Okamoto, and Zhang [5] deal with the former (vertex-distinguishing edge colorings), while the papers by AddarioBerry, Aldred, Dalal, and Reed [1] , Karoński, Luczak, and Thomason [10] , and Escuadro, Okamoto, and Zhang [9] deal with the latter. Furthermore, vertex colorings (proper or not) of a graph G have been introduced that use the multisets of colors of the neighboring vertices of each vertex for the purpose of distinguishing all vertices of G. These concepts have been studied by Chartrand, Lesniak, VanderJagt, and Zhang [6] , Radcliffe and Zhang [11] , and Anderson, Barrientos, Brigham, Carrington, Kronman, Vitray, and Yellen [2] . In [7] a new neighbor-distinguishing vertex coloring of a graph G was introduced that never requires more than χ(G) colors.
For a connected graph G, a multiset k-coloring c of G is a vertex coloring c : V (G) → {1, 2, . . . , k}, k ∈ N, where adjacent vertices may be colored the same and such that the multisets of colors of the neighbors of every two adjacent vertices are different. The minimum k for which G has a multiset k-coloring is the multiset chromatic number χ m (G). Since every proper coloring is a multiset coloring, it follows that χ m (G) ≤ χ(G). For example, the Petersen graph P has chromatic number 3 and multiset chromatic number 2. A multiset 2-coloring of P is shown in Figure 1 . 
where a i denotes the number of neighbors of v colored i for 1 ≤ i ≤ k (see Figure 1 ). Thus
is most challenging when G contains many pairs of adjacent vertices having the same degree. It is well-known if H is any subgraph of G, then χ(H) ≤ χ(G). This, however, is not the case for the multiset chromatic number. In fact, it is possible that H is a subgraph of
The following observations and results were presented in [7] . We refer to the book [8] for graph theory notation and terminology not described in this paper. For positive integers and n,
is the number of n-element multisets of an -element set.
Theorem 1.3. For positive integers k and n, the multiset chromatic number of the regular complete k-partite graph K k(n) containing n vertices in each partite set is the unique positive integer for which
We denote the complete multipartite graph containing k i partite sets of cardinality
, where n 1 , n 2 , . . . , n t are t distinct positive integers. Then For a connected graph G of order n and an integer k with 1 ≤ k < n, the k th power G k of G is that graph with
, we have the following by Theorem 1.3.
On Multiset Colorings of Graphs 141
On Multiset Colorings of Regular Graphs
We have seen that χ m (G) ≤ χ(G) for every connected graph G. Also, χ(G) ≤ ∆(G) + 1 and by a theorem of Brooks [3] , χ(G) = ∆(G) + 1 if and only if G is an odd cycle or a complete graph. Since χ m (C n ) = 3 = ∆(C n )+1 if n is odd and χ m (K n ) = n = ∆(K n ) + 1, it follows that χ m (G) = ∆(G) + 1 if and only if G is an odd cycle or a complete graph as well. In particular, if G is an r-regular graph that is not K r+1 , then 2 ≤ χ m (G) ≤ r. We next investigate those pairs k, r of integers with 2 ≤ k ≤ r for which there exists an r-regular graph G with χ m (G) = k. For a positive integer k, let N k = {1, 2, . . . , k}.
Theorem 2.1. For each pair k, r of integers with 2 ≤ k ≤ r − 1, there exists an r-regular graph G with χ m (G) = k.
− {u} for every two vertices u and u in U . On the other hand, consider the k-coloring c :
Observe that for r ∈ {2, 3}, there is an infinite class of connected r-regular graphs with multiset chromatic number r. For r = 2, the family of even cycles has the desired property. To see that there are infinitely many connected cubic graphs having multiset chromatic number 3, let k ≥ 2 be an integer and consider the cubic graph G k of order 4k whose vertex set is {u 1 , u 2 , . . . , u k } ∪ {w 1 , w 2 , . . . , w k } ∪ {x 1 , x 2 , . . . , x k } ∪ {y 1 , y 2 , . . . , y k }, and
On the other hand, since code(x i+1 ) = code(y i ),
By (1) and (2), it follows that c (
For integers k and r with 3 ≤ k ≤ r − 1, the graph G constructed in the proof of Theorem 2.1 is r-regular and has multiset chromatic number k. In addition, this graph G has chromatic number k + 1. Therefore, there exists an infinite class G of regular graphs G such that χ(G) − χ m (G) = 1 for each G ∈ G. Actually, there exists a class of regular graphs with an even stronger property.
Theorem 2.2. For every positive integer k, there is a regular graph G such that
such that for each integer i with 1 ≤ i ≤ 4, the subgraph induced by V i is the complete graph K k+1 and each vertex in V i is adjacent to each vertex in V α(i) where α is the cyclic permutation (1234). Thus G is (3k + 2)-regular. We first show that χ(G) = 2k + 2. Since the clique number of G is ω(G) = 2k + 2, it follows that χ(G) ≥ 2k + 2. On the other hand, the coloring of G that assigns (i) the colors 1, 2, . . . , k + 1 to the vertices of V 1 and V 3 and (ii) the colors k + 2, k + 3, . . . , 2k + 2 to the vertices of V 2 and V 4 is a proper coloring of G using 2k + 2 colors. Thus χ(G) = 2k + 2.
Next we show that χ m (G) = k +2. Let c be a multiset coloring of G. By Observation 1.2, no two vertices in V i (1 ≤ i ≤ 4) can be colored the same by c, implying that χ m (G) ≥ k + 1. If χ m (G) = k + 1, then the k + 1 vertices in each set V i must be colored by 1, 2, . . . , k + 1 by a multiset coloring c. Let u ∈ V 1 and v ∈ V 2 such that c(u) = c(v). Then M (u) = M (v), which is impossible. Thus χ m (G) ≥ k + 2. The coloring of G that assigns (i) the colors 1, 2, . . . , k + 1 to the vertices of V 1 and V 3 and (ii) the colors 2, 3, . . . , k + 2 to the vertices of V 2 and V 4 is a multiset coloring of G using k + 2 colors. Thus χ m (G) = k + 2. Therefore, χ(G) − χ m (G) = k.
We are now left with the following problem. 
There is, in fact, a class of r-regular graphs that produce a conclusion similar to that in Theorem 2.2 but for which χ(G) = r.
Let G be a graph and consider a subset X of V (G). For a (not necessarily proper) vertex coloring c of G, let M c (X) (or simply M (X)) be the multiset of colors of the vertices in X. 
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F. Okamoto, E. Salehi and P. Zhang P roof. The result is immediate for r ∈ {1, 2} since the graph is regular and bipartite. Hence, suppose that r ≥ 3. We first show that if χ m (G) = k, then r ≤ k(k − 1). Construct G from two disjoint copies H 1 and H 2 of K r with V (H 1 ) = U = {u 1 , u 2 , . . . , u r } and V (H 2 ) = W = {w 1 , w 2 , . . . , w r } by joining u i and w i for 1 ≤ i ≤ r. Let c be a multiset k-coloring of G using the colors 1, 2, . . . , k. Hence no more than k vertices in U can be assigned the same color by c. If r > k(k − 1), then U contains k vertices that are assigned the same color, say c(u i ) = 1 for 1 ≤ i ≤ k. Since c is a multiset coloring, this implies that no two vertices in the set {w 1 , w 2 , . . . , w k } ⊆ W can be assigned the same color. Thus, we may assume that c(
, which is impossible. Therefore, c(u i ) = c(w i ) if and only if i = 1. Furthermore, this implies that U contains at most k − 1 vertices that are assigned the color j for 2 ≤ j ≤ k. Since r > k(k − 1), it then follows that r = k(k − 1) + 1, where U contains k vertices that are assigned the color 1 and k − 1 vertices that are assigned the color j for 2 ≤ j ≤ k. Let j be an integer with 2 ≤ j ≤ k and suppose that c(u
Since this holds for every j with 2 ≤ j ≤ k, it follows that W also contains k vertices that are assigned the color 1 and k − 1 vertices that are assigned the color j for 2
, which is another contradiction. Therefore, r ≤ k(k − 1), which then implies that
by defining a multiset k-coloring
, then (k − 1) (k − 2) < r ≤ k(k − 1). We consider three cases.
We verify that c * is a multiset coloring of G * . Suppose that x and y are adjacent in G * . If x, y ∈ U * , then let w 1 , w 2 ∈ W * such that xw 1 , yw 2 ∈ E(G * ). Then since (i) c * (x) = c * (y) or c * (w 1 ) = c * (w 2 ) and (ii) c * (x) = c * (w 1 ) and c * (y) = c * (w 2 ), it follows that
Similarly, M (x) = M (y) if x, y ∈ W * . Also, if x ∈ U * and y ∈ W * , then c * (x) = c * (y) and so
Thus, c * is a multiset k-coloring of G * .
and consider the coloring c of G , which is the restriction of c * to V (G ).
where A is a multiset containing p elements all of which equal k and B = {k − 1,
Suppose that x and y are adjacent in G . If x, y ∈ U , then
On Multiset Colorings of Coronas of Graphs
There are many classes G of graphs and operations f on graphs for which χ(f (G)) = χ(G) for every G ∈ G. Our goal here is to consider one such class and one such operation for which this is the case and determine what occurs when chromatic number is replaced by multiset chromatic number.
In this paper we consider the problem of studying the multiset chromatic number of the corona of a regular graph. The corona cor(G) of a graph G is the graph obtained from G by adding, for each vertex v in G, a new vertex v and the edge vv . While the chromatic numbers of a nontrivial connected graph and its corona are the same, such is not necessarily the case for the multiset chromatic number. If c is a multiset k-coloring of a nontrivial connected graph G using the colors 1, 2, . . . , k, then a multiset k-coloring c * of cor(G) can be defined by c * (x) = c(x) if x ∈ V (G) and c * (x) = 1 if x ∈ V (cor(G)) − V (G). Thus we have the following observation.
Observation 3.1. For every nontrivial connected graph G,
If G is a graph with χ m (G) = 2, then G contains two adjacent vertices having the same degree. Thus cor(G) also contains two adjacent vertices having the same degree and so χ m (cor(G)) = 2 by Observations 1.1 and 3.1. For example, if n ≥ 4 is an even integer, then χ m (cor(C n )) = χ m (C n ) = 2. If χ m (G) ≥ 3, however, then it is possible that χ m (cor(G)) < χ m (G), as we see next. 
P roof. Suppose that the vertex set of K n is {v 1 , v 2 , . . . , v n }. Then the graph G = cor(K n ) can be constructed from K n by adding n new vertices to K n , say u 1 , u 2 , . . . , u n , and joining u i to v i for each i (1 ≤ i ≤ n).
. Then k is the unique integer such that
We show that χ m (G) = k. We now show that χ m (G) ≤ k. Let k ≥ 2 be an integer and n k = 2 k 2 + 1. We first consider the case where n = n k . Let H = cor(K n k ) and c : V (H) → {1, 2, . . . , k} such that
Furthermore, each of the remaining n k vertices u 1 , u 2 , . . . , u n k is assigned a color as follows. For 1
+ , where j and are integers with 2 ≤ j ≤ k and 1 ≤ ≤ k − 1 and let
It is then not difficult to show that this coloring c has the desired property.
For
. . , v n−1 , v n k by adding n new vertices u 1 , u 2 , . . . , u n−1 , u n k and joining u i to v i for each i (1 ≤ i ≤ n − 1, i = n k ). Then the coloring c : V (G) → {1, 2, . . . , k} defined by c = c | V (G) has the desired property.
For each positive integer k, if n = n k+1 = k 2 + k + 1, then χ m (cor(K n )) = k + 1. Thus
Observe as well that lim n→∞ χ m (cor(K n )) χ(cor(K n )) = 1.
We next determine the multiset chromatic number of the corona of the connected regular complete k-partite graph K k(n) , each of whose partite sets contains n ≥ 2 vertices. In order to do this, we first present a useful lemma, whose proof is straightforward and is therefore omitted. For positive integers and n, define g( , n) = + n − 2 n − 1 + + n − 2 n .
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F. Okamoto, E. Salehi and P. Zhang Lemma 3.4. For integers n, k ≥ 2, there exists a unique integer ≥ 2 such that g( − 1, n) < k ≤ g( , n).
For s-vectors α and β, we write α − β to denote the s-vector obtained from α and β by coordinate-wise subtraction.
Theorem 3.5. For integers n, k ≥ 2, the multiset chromatic number of cor(K k(n) ) is the unique positive integer such that g( − 1, n) < k ≤ g( , n).
P roof. By Lemma 3.4, such an integer ≥ 2 exists. Let G = K k(n) with V (G) = U = U 1 ∪ U 2 ∪ · · · ∪ U k , where U i = {u 1,i , u 2,i , . . . , u n,i } is a partite set for 1 ≤ i ≤ k. We obtain the corona of G by adding a set W = W 1 ∪W 2 ∪· · ·∪W k of nk new vertices, where W i = {w 1,i , w 2,i , . . . , w n,i }, and joining w j,i to u j,i for 1 ≤ j ≤ n and 1 ≤ i ≤ k. We first show that χ m (cor(G)) ≥ . Suppose that c is a multiset scoloring of cor(G) using the colors 1, 2, . . . , s. For 1 ≤ i ≤ s, let t i be the number of vertices in U that are assigned the color i. Then
Consider an arbitrary vertex u in U and let w be the end-vertex adjacent to u. Also, let C be the set of colors of the n vertices in the partite set to which u belongs, say partite set U 1 . We consider two cases, according to whether c(w) ∈ C or c(w) / ∈ C.
Case 1. c(w) ∈ C. Let i be an integer where 1 ≤ i ≤ s. If i = c(w), let a i be the number of vertices in U 1 that are colored i; while if i = c(w), let a i be the number that is one less than the number of vertices in U 1 that are colored i. Thus a i ≥ 0 for 1 ≤ i ≤ s and s i=1 a i = n − 1. Furthermore, code(u) = (t 1 , t 2 , . . . , t s ) − (a 1 , a 2 , . . . , a s ).
Then the number of possible codes for u is (s − 1) + (n − 1) n − 1 = s + n − 2 n − 1 .
